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Abstract: An accurate and rapid estimation of the pavement temperature field is desired to better 
predict pavement responses and for pavement system design. In this paper, an innovative method 
to derive the theoretical solution of an axisymmetric temperature field in a multi-layered 
pavement system is presented. The multi-layered pavement system was modeled as a two-
dimensional heat transfer problem. The temperature at any location and any time t  in an N-
layer pavement system can be calculated by using the derived analytical solution. Hankel integral 
transform with respect to the radial coordinate is utilized in the derivation of the solution. The 
interpolatory trigonometric polynomials based on discrete Fourier transform are used to fit the 
measured air temperatures and solar radiation intensities during a day, which are essential 
components in the boundary condition for the underlying heat transfer problem. A FORTRAN 
program was coded to implement this analytical solution. Measured field temperature results 
from a rigid pavement system demonstrate that the derived analytical solution generates 
reasonable temperature profiles in the concrete slab. 
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INTRODUCTION 
 
It is well known that temperature variation in pavement layers play an important role in the 
performance of both flexible and rigid pavement systems (1). In flexible pavement systems, the 
surface layer is usually made of hot-mix asphalt (HMA), which is a visco-elastic material and its 
behavior is highly related to its temperature, i.e., HMA responds like an elastic solid under low 
temperature and strain conditions; on the other hand, it also acts as a viscous material at high 
temperature in the sense that the deformation due to traffic loading cannot fully recovered within 
a finite time period under the unloading condition (2). Therefore, an accurate prediction of the 
temperature profile in the HMA layer is desired when selecting the asphalt binder and predicting 
performance. For rigid pavement design, the thermal curling stress in the concrete slab cannot be 
ignored (3) and by some manner must be added to the traffic loading stresses (4,5). In order to 
accurately capture the critical thermal stresses in the PCC slab, the temperature profile 
throughout the day must be known. 
Many research efforts have been taken on developing different mathematical models to 
predict temperature profile within a pavement system. Most of published results on this topic can 
be fitted into statistics-based models or heat transfer models.  
 
 
Statistics-Based Pavement Temperature Prediction Models 
 
The statistics-based regression formulae are usually developed based on large databases of 
climatic, meteorological and geographical factors, such as air temperature, wind speed, solar 
radiation and latitude etc, as well as the measured field pavement temperatures. Rumney and 
Jimenez (7) approximated temperature at the surface and at a 2-inch depth based on air 
temperature and hourly solar radiation. Lukanen et al. (8) predicted the seven-day average high 
pavement temperature using seven-day average high air temperature. More recently, 
Diefenderfer et al. (9) calculated the maximum and minimum temperature at any depth by using 
air temperature, daily solar radiation and depth within the pavement. Empirical formulae are 
usually applied to rapidly predict certain extreme temperatures within a pavement system or a 
specific temperature at a given pavement depth. However, the disadvantage of these types of 
formulae is that they give reasonable prediction for the input data included within the original 
sample database, but do not guarantee the accuracy of prediction for the input data outside the 
original sample database. 
 
Heat Transfer Models 
 
The existing heat transfer models that predict pavement temperature profile are usually solved 
using a numerical method, which typically consist of four steps. Firstly, the governing equation 
to account for the heat conduction within a pavement must be set up, which is usually a one-
dimensional (1-D) or two-dimensional (2-D) heat transfer model represented by a time-
dependent partial differential equation (PDE). Secondly, an appropriate boundary condition must 
be established linking the climatic parameters with the pavement surface temperature. This link 
is accomplished by analyzing the energy balance at the pavement surface. Thirdly, the spatial 
domain needs to be discretized using a numerical method, such as finite-difference method, 
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finite-element method, etc., which results in a large system of ordinary differential equations 
(ODEs) in time. Fourthly, an appropriate time-integrator is required to solve these ODEs. For 
example, this time-integrator can be either a linear multi-step method or a Runge-Kutta method. 
 Dempsey and Thompson (10) were one of the first researchers to develop a numerical 
simulation approach by using 1-D heat transfer model and an explicit finite-difference method. 
Hsieh et al. (11) proposed a three-dimensional numerical model to calculate the temperature 
distribution within concrete pavement. Recently, Rasmussen et al. (12) and Schindler et al. (13) 
proposed models to predict the temperature distribution in the early-age PCC pavement by 
incorporating both the climatic factors and the heat of hydration of cementitious materials into 
the models using a finite element or a 1-D finite-difference method, respectively. Yavuzturk et 
al. (14) simulated temperature fluctuations in asphalt pavements due to thermal environmental 
conditions by using a 2-D finite-difference method. 
 
Analytical Approaches 
 
As far as analytical solution of temperature profiles through a multi-layer pavement system is 
concerned, very few results are available due to the complexity encountered in deriving the 
closed-form analytical solution. Barber (6) calculated the maximum pavement temperature from 
weather reports for a 1-layer system. Solaimanian and Kennedy (15) proposed a simple 
analytical equation to predict the maximum pavement surface temperature based on maximum 
air temperature and hourly solar radiation. Liang and Niu (16) derived a closed-form analytical 
solution of temperature distribution in a 3-layer system using a simplified boundary condition, 
which only involved the convection of heat between the atmosphere and pavement surface but 
not any solar radiation effect. 
 
The main hurdle associated with the numerical methods for predicting pavement temperature 
field is that the initial pavement temperature distribution (called initial condition) must be 
available in order to calculate temperature field for the later time, since a time-dependent PDE 
problem essentially needs to be solved. However, the initial pavement temperature profile is 
typically not available. To remove this hurdle, a 2-D axisymmetric approach for analytically 
predicting the temperature field in an N-layered pavement system is proposed in this paper when 
the initial pavement temperature profile is not known, which extends the analytical solution for a 
3-layer pavement system by Liang and Niu (16). Moreover, the proposed model handles 
measured solar radiation and considers irradiation. The proposed temperature solution is valid 
for pavement systems with N-layers, at any depth of pavement, , radial direction, z r  and time, 
 during the day using measured climatic data and pavement material properties. This model can 
predict temperature profiles in both multi-layered flexible and rigid pavement systems assuming 
the thermal properties of the materials are known.  
t
 
 
MATHEMATICAL TEMPERATURE MODEL 
 
The temperature distribution in a multi-layered pavement system, shown in Fig. 1, can be 
modeled as a heat transfer problem, where = layer thickness (m), ih iλ = thermal conductivity 
(Kcal/m-hr-ºC), iα = thermal diffusivity (m2/hr), and = temperature (ºC) for layer i . The ),,( tzrTi
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thickness of the last layer (subgrade), , is assumed to be infinite along the positive direction. 
All materials in the multi-layered systems are assumed to be continuous, homogeneous, and 
isotropic. The temperature profile in the layer i ,  is assumed to be axisymmetric. One 
advantage of this assumption is that the thermal stresses due to temperature change can be easily 
incorporated with the traffic loading stresses by using the layered elastic theory, since the latter is 
also considered to be axisymmetric (17). 
nh z
),,( tzrTi
 
r
  
In cylindrical coordinate system, the 2-D axisymmetric heat transfer problem can be modeled 
with the following governing time-dependent PDE: 
 
ii
i T
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∂=∇ , Laplace operator in cylindrical coordinate for the 
axisymmetric problem. 
 
It is assumed that the temperature and heat flow are continuous along the interface of two 
consecutive layers, i.e. 
 ( ) ),,(,, 1 tHrTtHrT iiii +=         (2a) 
 
Figure1: Multi-layered Pavement System 
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The bounded temperature at an infinite depth is given by   
 ( ) MtzrTn ≤ ,,  as ∞→z         (3) 
 
where M is a constant.  
The boundary conditions (BCs) play an important role in computing the temperature profile in 
multi-layered pavement systems. The temperature at the pavement surface is greatly influenced 
by meteorological and geographical factors, such as air temperature, solar radiation, wind speed, 
latitude and elevation of the pavement (10, 15, 18). The BCs can be set up by analyzing the 
energy balance at the pavement surface. Mathematically, it is expressed as (19) 
           (4) RPq +=
where = heat flux into pavement (Kcal/mq 2-hr); P = heat flux caused by the convection due to 
temperature difference between atmosphere and pavement surface (Kcal/m2-hr); R = net solar 
radiation flux (Kcal/m2-hr). 
By Fourier’s law of conduction, heat flow into pavement, q , is pointed to the direction of 
temperature gradient  and calculated as follows 1T∇−
),0,(11 trz
Tq ∂
∂−= λ          (5) 
The convection energy, P , is calculated as 
( ),0,()( 1 trTtTBP a −= )        (6) 
Where = air temperature (°C); = pavement surface temperature (°C);)(tTa ),0,(1 trT B = pavement 
surface convection coefficient (Kcal/m2-hr-°C), which primarily depends on the surface 
roughness, wind speed, air temperature and pavement surface temperature. Branco et al. (20) 
approximated it as: 
)v7.36(8598.0 +=B  
Where v = wind speed (m/s); and 0.8598 is the unit conversion constant when the unit is 
converted from W/m2-°C to Kcal/m2-hr-°C. 
The net radiation energy, R , is given by 
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)()( tFtQaR s −=          (7) 
Where = surface absorptivity to the total solar radiation (dimensionless);  = solar 
radiation flux (Kcal/m
sa )(tQ
2 · hr); = irradiation flux emitted by pavement surface (Kcal/m)(tF 2 · hr). 
Substituting equations (5)-(7) into equation (4) yields the following BC   
)),0,()(()()(),0,( 111 trTtTBtFtQatrz
T
as −+−=∂
∂− λ      (8) 
Eqs. (1)-(3) and (8) constitute the mathematical modeling of temperature field in multi-layered 
pavement systems. In order to analytically derive the solution of temperature field, continuous 
functions for representing , )  and are desired. In this paper,  and are 
assumed to be measured at a half-hour interval during a day. Interpolatory trigonometric 
polynomials, based on discrete Fourier transform, can then be used to fit the daily measured data 
of  and as described below (21). 
)(tQ (tF )(tTa )(tQ )(tTa
)(tQ )(tTa
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where  if 48 equally spaced sample points are used; 24=m 0=t  at 0:00 a.m. and is the 
measured solar radiation intensity value at time 
jq
jt j *5.0= for 12  ,1 ,0 −= mj L . 
 
Ambient Temperature,  )(tTa
 
The approximation of ambient temperature,  can be analogously treated by )(tTa
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Where =24 and is the measured air temperature at time as defined above. m jT jt
 
Irradiation Energy emitted by pavement surface  )(tF
A fourth order equation to account for the irradiation emitted by pavement surface was used in 
reference (10), which was given by 
))]10((),0,([)1()(  44 pJGTtrTWNtF ρεσ −−−−= 1 air      (13) 
where = cloud-base factor; N W = percentage of cloud cover at night; σ = Stefan-Boltzmann 
constant; ε  = emissivity of radiation by pavement surface;  = Rankine temperature of 
pavement surface; = Rankine air temperature; 
),0,(1 trT
airT pJG  and ,, ρ are model parameters. Barber (6) 
took irradiation into consideration by discounting the daily solar radiation intensity. For 
simplicity, the nonlinearity in the BC imposed by  is avoided in this paper by modifying the 
convection coefficient, 
)(tF
B  and pavement surface absorptivity  (19).  sa
 
Temperature Variation Along the Radial Direction 
Finally, to account for the temperature variation along the radial direction, a non-dimensional 
calibration term  is introduced in the BC as follows )(rf
rerf ⋅−= μ)(           (14) 
where μ  can be fitted by using the measured pavement temperature in the radial direction. In 
this paper, 002.0  to001.0=μ  (1/m) is assumed when the temperature difference between the 
center of pavement cross section and shoulder is 5 to 10 °C, respectively (19). Also the unit of r  
is in meters in eq. (14). Thus, the BCs may be modified as  
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Substituting eqs. (9), (11), and (14) into eq. (15) and taking  into consideration by 
modifying 
)(tF
B and  yield the following BCs  sa
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12
−= tt π .  
 
 
THEORETICAL SOLUTION OF PAVEMENT TEMPERATURE PROFILE  
 
The sinusoidal terms in the right hand side of eq. (16) only differ in magnitudes, frequencies, and 
phase angles. In order to facilitate presentation of the analytical solution of , the 
following sample BC is introduced from which the solution of will be developed: 
),,( tzrTi
),,( tzrTi
 
)},0,()sin({),0,( 111 trTtAeBtrz
T r −⋅=∂
∂− ⋅− ωλ μ      (17) 
 
where = constant (°C), representing the magnitude of each sine function in eq. (16).  A
 
It is clear that the final solution of based on the linear BC in eq. (16) can be obtained by 
using the principle of superposition, i.e., it equals the summation of temperature values based on 
each sinusoidal term in eq. (16) plus the constant terms, i.e. 
),,( tzrTi
B
caa s
2
 and 
2
00  in eq. (16). Furthermore, 
it is observed that )sin( tω  on the right hand side of eq. (17) can be related to the complex value 
by using the Euler formula: tje ω
 
)sin()cos( tjte tj ωωω +=         (18) 
 
where j is the imaginary unit number with . 12 −=j
 
Since relating )sin( tω  with  can greatly facilitate the derivation of the analytical solution, the 
temperature distribution is first derived in the complex plane, , then the desired solution 
of temperature profile for the 2-D heat transfer problem, is simply the imaginary part of 
.  To easily present the derivation, the governing equation and the constraint conditions 
for this 2-D heat transfer problem are represented in terms of the complex variables,  as 
follows: 
tje ω
),,( tzrYi
),,( tzrTi
),,( tzrYi
),,( tzrYi
 
Two-Dimensional Heat Transfer Equation 
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∂ α   for       (19) ii HzH ≤≤−1
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Interlayer Contact Condition 
 ( ) ),,(,, 1 tHrYtHrY iiii +=         (20a) 
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Bounded Temperature Value at Infinite Depth  
 ( ) Mtzrn ≤ ,,Y   as ∞→z       (21) 
 
where M = constant. 
 
Boundary Condition  
 
)},0,({),0,( 1
  1
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The following outlines the main steps involved in deriving the analytical solution of : ),,( tzrYi
 
(1) By using the approach of separation of variables (22), ( )tzrYi ,,  can be expressed as  
 ( ) jwtii ezrutzrY ⋅= ),(,,         (23) 
 
It follows that  
 
i
i Yj
t
Y ω=∂
∂           (24) 
 
(2) Substituting of eqs. (23), (24) into eqn. (19) yields 
 
),(),( 2 zruzruj iii ∇⋅=⋅ αω        (25) 
 
(3) Hankel integral transform is employed to solve eq. (25). Let )(ξφ  be the Hankel 
transform of order zero of an arbitrary function )(rφ  and then from reference (23) 
 
∫∞=
0
0 )()()( drrJrr ξφξφ         (26) 
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Where )(0 rJ ξ = the first kind of Bessel function of order zero. 
 
The inverse Hankel transform of order zero of )(ξφ  is 
 
∫∞=
0
0 )()()( ξξξφξφ drJr         (27) 
 
Also, the Hankel transform of order zero of )(1)(2
2
r
dr
d
r
r
dr
d φφ + is given by formula (5-4-7) in 
reference (23) 
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(4) Applying Hankel transform of order zero to the both sides of eq. (25) with respect to r  in 
conjunction with eq. (28) yields 
 
0),()(),( 22
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∂ zujz
z
u
i
i
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(5) Solving eq. (29) in the Hankel domain gives  
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where are constants for layer , which are determined by using the constraint 
conditions. 
ii DC , i
 
(6) Taking inverse Hankel transform of order zero of eq. (30) and considering eq. (23) yield 
the temperature of layer i  in the complex plane, ( )tzrYi ,,  as follows: 
 
ξξξ ωξξξξ derJeeDeeCtzrY tjNzjMziNzjMzii iiii  0
0
)(][),,( ⋅⋅+⋅= ⋅⋅⋅⋅
∞
⋅⋅−⋅⋅−∫   (31) 
Where  and are defined in the Appendix. iM iN
 
(7) Determining coefficients of and : iC iD
 
(a) The relationship between and can be exploited in the following matrix-
vector form by using eq. (31) and the interlayer contact conditions stated in eq. (20): 
11, ++ ii DC ii DC ,
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Where  are defined in the Appendix. 22211211 ,,, iiii PPPP
 
(b) The recursive formula linking and can be further deduced from eq. (32) as 
follows: 
ii DC , 11, DC
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where ;  are defined in the Appendix, and eq. (33) can be easily 
proved by using the method of mathematical induction.  
ni L,3,2= )2,1,( =lkRkli
 
(c) Bounded solution for s ( )tzrYn ,,  a ∞→z indicates that 0=nD  from eq. (31), and the 
relationship between  and can be further derived by setting  in eq. (33) as 
follows:  
1C 1D 0=nD
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21
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R
ReD
n
nMH
−
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(d) and can be obtained by using eq. (34) in conjunction with the B.C. in eq. (22). 
Furthermore, and for the layer can be solved by using eq. (33). 
1C 1D
iC iD thi
(e) Once and are determined, the desired solution iC iD ( )tzrTi ,,  for the layer is simply 
the imaginary part of  in eq. (31).  The expression for 
thi
( tzrYi ,, ) ( )tzrTi ,,  is given in eq. 
(35) with all the symbols defined in the Appendix. 
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0
1
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Numerical Implementation of Analytical Solution  
 
As shown in eqn. (35), an integral with respect to ξ  ranging from 0 to ∞  must be solved in order 
to calculate the temperature distribution ( )tzrTi ,,  for the layer, and this can be solved 
numerically. A computer cannot handle an 
thi
∞  upper limit of integration, thus, an appropriate 
truncated upper limit, , has to be chosen, which can be determined by a convergence test of 
. One such convergence test example is shown in Table 2 in the next section. In this 
ux( tzrTi ,, )
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paper, the composite 16-point Gaussian Quadrature formula (21) is employed to resolve the 
integral in eq. (35), i.e., interval [0, ] is firstly divided into some smaller subintervals, then the 
16-point Gaussian Quadrature formula is applied in each subinterval to obtain the solution for 
 
ux
( )tzrTi ,, .
 
 
MODEL VERIFICATION WITH FIELD DATA  
 
A FORTRAN computer program was developed to predict the temperature profile in a multi-
layered pavement system by using the above analytical solution of the temperature field. For the 
model validation, the computed temperature profile in a continuously reinforced concrete 
pavement (CRCP) test section is compared with measured field data from the Advanced 
Transportation Research and Engineering Laboratory (ATREL) in Illinois, USA (24). The CRCP 
test sections consist of concrete slab (0.254m) with continuous reinforcing steel, asphalt concrete 
base (0.102m) and aggregate subbase (0.152m) all supported on a silty-clay soil layer. 
Temperatures at five different slab depth locations, i.e., 0.0254m, 0.0762m, 0.127m, 0.1778m 
and 0.2286m from pavement surface, along with several climatic parameters, such as wind 
speed, wind direction and solar radiation were measured at a half-hour interval.  
 
In this paper, temperatures in CRCP test section at the aforementioned five slab depth locations 
were continuously predicted using the above analytical solution for 71.5 hours at a half-hour 
interval in both winter and summer conditions, i.e. starting from 0:00 a.m. on January 12, 2003 
until 11:30 p.m. on January 14, 2003 and from 0:00 a.m. on June 28, 2003 until 11:30 p.m. on 
June 30, 2003. Half-hour measured air temperature and solar radiation for each three-day period 
were employed to generate the fitting interpolatory trigonometric polynomials as shown in 
Figures 2. The other input parameters including the typical thermal properties for these pavement 
materials (5,10) are listed in Table 1. To determine the appropriate upper limit, , of the 
integral in eq. (35), numerical convergence tests for the inverse Hankel integral transform is 
carried out using the above input parameters. The numerical implementation indicated that the 
improper integral in eq. (35) usually converged faster as value of  increased, thus the 
dimensionless quantity is selected as 
ux
z
ux
 I
z
Hx nu 3)3
int( 1 ⋅= −           (36) 
            
where int = an integer function converting its argument into an largest integer less than or equal 
to itself;  I = test number; = sum of thickness of pavement layers except subgrade layer (m). 1−nH
 
Table 2 shows different upper integral limits when ux 1=I  in eq. (36) for five slab depth 
locations. Table 3 illustrates the convergence of the inverse Hankel integral transform in 
predicting temperatures at these five different slab depths at 4:00 a.m. on June 28, 2003. Based 
on the convergence test, the minimum value for the upper integral limit ( ) in Table 3 (Test No. 
1) still gave 3 significant figure accuracy in the predicted temperature at all depths. 
ux
 
Table 1: Input parameters in model verification 
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Parameters Value 
Thermal conductivity (Kcal/hr-m-°C) 
PCC slab 
Asphalt concrete base 
Aggregate subbase 
Subgrade 
 
1.85 
1.38 
2.58 
1.00 
Thermal diffusivity (m2/hr) 
PCC slab 
Asphalt concrete base 
Aggregate subbase 
Subgrade 
 
0.0035 
0.0021 
0.0030 
0.0030 
Calibrated Absorptivity,  sa 0.50 
Parameter to account for temperature variation 
along the radial direction (1/m), μ  
0.002 
Radial coordinate (m), r  0.00 
Modified wind speed (m/s), v 3.5 to 5.0 
 
Table 2: Values of upper integral limit, when ux 1=I for different depths  z
 
z (m) ux (dimensionless) 
0.0254 21 
0.0762 9 
0.1270 6 
0.1778 3 
0.2286 3 
 
Table 3: Numerical convergence test results for the inverse Hankel integral transform (predicted 
temperatures at five different slab depths, °C)  
 
Test No. Slab Depth  Z (m) 
(I) 0.0254 0.0762 0.1270 0.1778 0.2286 
1 20.6228784 23.0413174 24.9482524 26.3758674 27.3348095 
2 20.6215549 23.0375610 24.9429443 26.3539092 27.3228534 
3 20.6214680 23.0371050 24.9416775 26.3514324 27.3217703 
4 20.6214579 23.0370260 24.9416126 26.3510673 27.3217703 
5 20.6214557 23.0370067 24.9415936 26.3510028 27.3216457 
6 20.6214553 23.0370047 24.9415857 26.3509899 27.3216288 
7 20.6214552 23.0370042 24.9415851 26.3509871 27.3216263 
8 20.6214551 23.0370040 24.9415848 26.3509865 27.3216263 
9 20.6214551 23.0370040 24.9415847 26.3509863 27.3216259 
10 20.6214551 23.0370040 24.9415847 26.3509863 27.3216258 
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 (a) (b)
 
 
(c)                                  (d) 
Figure 2. Measured and fitted air temperature (a,c) and solar radiation intensity (b,d) for three 
days in January and June 2003, respectively.
 
The predicted and measured pavement temperatures are plotted in Figures 3 and 4 for January 
and June 2003, respectively, at = 0.0254 m, = 0.0762 m, = 0.1270 m, and = 0.2286 m.  z z z z
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(a) (b) 
 
Figure 3. Predicted (Tp) and measured (Tm) temperature for = 0.0254 m, = 0.0762 m (a) and 
= 0.1270 m, = 0.2286 m (b) in January 2003  
z z
z z
 
 
 
 
 
(a) (b) 
 
Figure 4. Predicted (Tp) and measured (Tm) temperature for = 0.0254 m, = 0.0762 m (a) and 
= 0.1270 m, = 0.2286 m (b) in June 2003  
z z
z z
 
From Figures 3 and 4, it is clear that the largest temperature fluctuation with time occurs near the 
pavement surface ( = 0.0254 m) among the plotted four temperature depths. The farther from 
the pavement surface, the temperature variation with time is less. The highest pavement 
temperature of 42 °C occurred at = 0.0254 m during the highest measured air temperature of 
27.5 °C on June 28, 2003.  
z
z
 
It is observed that the derived theoretical solution predicts reasonably good pavement 
temperature profile compared to the measured data. The maximum error between the predicted 
and measured temperature is around 3°C for these two, three-day testing results except for one 
particular case, i.e. in predicting the temperature at = 0.0254 m from the pavement surface at 
8:00 a.m. on June 28, 2003, where the error between the predicted and measured temperature is 
around 5 °C.  
z
 
Table 4 presents the mean errors and standard deviations between the predicted (Tp) and 
measured (Tm) temperature for each of five different slab depth locations. The mean error is the 
greatest near the bottom of the slab but the standard deviation is the largest near the top of the 
slab where temperature fluctuations are the greatest. The temperature discrepancy between the 
predicted and measured values come from many factors, such as the errors involved in selecting 
the appropriate material thermal parameters, e.g. thermal conductivity and thermal diffusivity; 
errors involved in the continuous interfacial heat flux assumptions, since different levels of heat 
flow resistance may exist in the interface of two consecutive pavement layers; deep soil 
 15
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temperature effects; irradiation occurring at night and temperature measurement error. The 
irradiation at night and the effect of the deep soil temperature are likely the major reasons for the 
temperature discrepancy between the predicted and measured values.  The irradiation in this 
paper is considered only by adjusting the absorptivity of the concrete and convection coefficient. 
Furthermore, the deep soil temperature cannot be currently considered with the proposed 
analytical approach. 
 
Table 4: Mean errors between predicted and measured temperature at different depths (°C), i.e. 
Tp – Tm (values in bracket denote standard deviations of temperature error) 
 
Date Slab Depth Location (m) z
 0.0254 0.0762 0.1270 0.1778 0.2286 
Jan.12 to Jan. 14, 2003 0.80 0.12 -0.53 -1.19 -1.91 
 (0.97) (0.74) (0.57) (0.43) (0.34) 
June 28 to June 30, 2003 0.31 0.68 1.06 1.37 1.63 
 (1.36) (0.92) (0.74) (0.64) (0.60) 
 
Comments on the Proposed Analytical Solution 
 
The proposed analytical solution can rapidly, yet reasonably, predict the temperature field in the 
N-layered pavement system with limited input data, which is especially important for 
characterizing field temperature profile when using the falling weight deflectometer (FWD) test 
device. In particular, the initial pavement temperature profile is not required in order to 
implement this solution. A simplification of the proposed model to accommodate limited 
weather data could be made to just use the maximum and minimum air temperatures for the day 
along with the peak solar radiation intensity for the day. Furthermore, for FWD testing 
conducted during the daytime hours, only the surface layer’s temperature profile are required 
thus allowing for usage of a more realistic surface absorptivity value. 
The proposed analytical solution can also serve as a driving engine to generate the initial 
pavement temperature profile for other numerical treatments of temperature field, such as in 
simulating temperature evolution of “hydrating” concrete pavement where the heat of hydration 
plays an important role and its value is related to the initial pavement temperature profile. Also, 
this 2-D model result can be easily implemented for 1-D case by simply setting r = 0 and Bessel 
function  in eq. (35). 1)0(0 =J
 
 
CONCLUSIONS 
 
The theoretical solution of 2-D axisymmetric temperature field in a multi-layered pavement 
system is successfully derived. The temperature at any pavement location ( zr, ) and time t  in an 
N-layered pavement system can be calculated by using this solution under the cylindrical 
coordinate system. Hankel integral transformation with respect to the radial coordinate is utilized 
in the derivation of solution. The interpolatory trigonometric polynomials that are based on 
discrete Fourier transform are used to fit the measured air temperatures and solar radiation 
intensities during a day, which are essential components in the boundary condition for the 
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underlying heat transfer problem. Field temperature testing results demonstrate that the derived 
analytical solution generates realistic temperature profiles in a concrete slab for a 4-layered rigid 
pavement system. The advantage of this formulation is that it can rapidly predict the pavement 
temperature field for short time durations with limited input data and it does not require the 
initial temperature field to be known. 
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APPENDIX 
 
This appendix summarizes the main variables and symbols used in the derivation and 
formulation of analytical solution of temperature field in N-layered pavement system (25). 
 
In the following, the subscript i  runs from 1 to  except stated explicitly otherwise, the 
superscript runs from 1 to 2 with understanding that they are not taken as powers; symbol 
like CA  in is treated as a single variable. 
n
lk,
iCA)(
 
n = total layers of pavement system including subgrade 
r = radial coordinate in the cylindrical coordinate system (m) 
z = vertical coordinate in the cylindrical coordinate system (m) 
),,( tzrTi = function of layer temperature field (ºC) thi
ih = thickness of pavement layer (m), thi 1,2,1 −= ni L  
iλ = thermal conductivity of pavement layer (Kcal/m-hr-ºC) thi
iα = thermal diffusivity of pavement layer (mthi 2/hr) 
∑
=
=
i
j
ji hH
1
,         (A-1) 1,2,1 −= ni L
q = heat flux into pavement (Kcal/m2-hr) 
P = heat flux caused by the convection due to temperature difference between atmosphere and 
pavement surface (Kcal/m2-hr) 
R = net solar radiation flux (Kcal/m2-hr) 
)(tTa = air temperature (°C) 
A = magnitude of wave mode used in the model boundary condition (°C) 
B = pavement surface convection coefficient (Kcal/m2-hr-°C) 
ii DC , =  integration constants for layer  i
sa = surface absorptivity to the total solar radiation (dimensionless) 
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)(tQ = solar radiation flux (Kcal/m2 · hr) 
)(tF = irradiation flux emitted by pavement surface (Kcal/m2 · hr) 
μ = parameter used in the radial temperature variation function  )(rf
),,( tzrYi = function of layer temperature field in the complex plane (ºC) thi
ω  = frequency of wave mode used in the model boundary condition (1/hr) 
ξ = transformation variable used in the Hankel integral transform 
j = imaginary unit number with  12 −=j
42
2
1 ξα
ω
i
iv +=      (A-2) 
2
1+= ii vM      (A-3) 
2
1−= ii vN      (A-4) 
⎟⎟⎠
⎞
⎜⎜⎝
⎛
+
−=
1
1arctan
i
i
i v
vγ      (A-5) 
)()( 1 iiii NNHCA −= +ξ , 1,2,1 −= ni L      (A-6a) 
)()( 1 iiii NNHCB += +ξ , 1,2,1 −= ni L      (A-6b) 
1)( +−= iiiCC γγ ,      (A-6c) 1,2,1 −= ni L
11
)(
++
=
i
i
i
i
i v
vCD λ
λ
,      (A-6d) 1,2,1 −= ni L
)(2)( 11 −− ++−= iiiiii MMHMHCH ξξ      (A-6e) 
)()( 11 −− −−= iiii MMHCK ξ      (A-6f) 
])([
2
1 ))(()(11 111 +++ −+−⋅−⋅ ⋅+= iiiiiiii NNHjiNNHji eCDeP γγξξ      (A-7a) 
])([
2
1 ))(()(12 111 +++ −++⋅+⋅ ⋅−= iiiiiiii NNHjiNNHji eCDeP γγξξ      (A-7b) 
])([
2
1 ))(()(21 111 +++ −++⋅−+⋅− ⋅−= iiiiiiii NNHjiNNHji eCDeP γγξξ     (A-7c) 
])([
2
1 ))(()(22 111 +++ −+−⋅−⋅ ⋅+= iiiiiiii NNHjiNNHji eCDeP γγξξ      (A-7d) 
where  in eq. (A-7a) to (A-7d). 1,2,1 −= ni L
kl
ijkl
i
kl
i eFP
β= ,       (A-8) 1,2,1 −= ni L
kl
ijkl
i
kl
i eKR
ψ=      (A-9) 
klkl PR 11 =      (A-10) 
21
1
12)(11
1
11)(211 1111 −
−−
−
++− −−−− += iiMMHiiMMHMHi RPeRPeR iiiiiiii ξξξ      (A-11a) 
22
1
12)(12
1
11)(212 1111 −
−−
−
++− −−−− += iiMMHiiMMHMHi RPeRPeR iiiiiiii ξξξ      (A-11b) 
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21
1
22)(11
1
21)(221 1111 −
−−
−
++− −−−− += iiMMHiiMMHMHi RPeRPeR iiiiiiii ξξξ      (A-11c) 
22
1
22)(12
1
21)(222 1111 −
−−
−
++− −−−− += iiMMHiiMMHMHi RPeRPeR iiiiiiii ξξξ      (A-11d) 
where   in eq. (A-11a)-(A-11d). ni L3,2=
 
2211 )])()sin(()()[sin()])()cos(()()[cos(
2
1
iiiiiiiii CCCACDCACCCACDCAF +++++=   
     (A-12a) 
2212 )])()sin(()()[sin()])()cos(()()[cos(
2
1
iiiiiiiii CCCBCDCBCCCBCDCBF +−++−=  
     (A-12b) 
2221 )])()(sin()())([sin()])()(cos()())([cos(
2
1
iiiiiiiii CCCBCDCBCCCBCDCBF +−−−++−−−=  
     (A-12c) 
2222 )])()(sin()())([sin()])()(cos()())([cos(
2
1
iiiiiiiii CCCACDCACCCACDCAF +−+−++−+−=  
     (A-12d) 
where   in eq. (A-12a)-(A-12d). 12,1 −= ni L
 
Argument associated with ( 111iβ 11iF ,2,1 −= ni L ) can be determined as follows: 
 
Let ))()cos(()()cos( iiii CCCACDCA ++=Φ , ))()sin(()()sin( iiii CCCACDCA ++=Ψ  
(1) If or 0&0 ≥Ψ>Φ 0&0 ≤Ψ>Φ , then Φ
Ψ= arctan11iβ    (A-13a) 
(2) If or 0&0 ≥Ψ<Φ 0&0 ≤Ψ<Φ , then πβ +Φ
Ψ= arctan11i    (A-13b) 
(3) If , then 0&0 >Ψ=Φ
2
11 πβ =i      (A-13c) 
(4) If , then 0&0 <Ψ=Φ
2
311 πβ =i      (A-13d) 
(5) If , then      (A-13e) 0&0 =Ψ=Φ 011 =iβ
 
222112 ,, iii βββ can be obtained analogously. 
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where   in eq. (A-15a)-(A-15d). 13,2 −= ni L
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Argument 1τ  associated with and can be obtained analogously in determining above by 
setting and . 
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2 11)( Γ⋅= −− iMHi KeSC ξ      (A-18a) 
2
12
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1
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1
12
1)( τψψψ −−+= −−− nniiSE      (A-18c) 
1
11
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1
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1
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1
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1
21
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where   in eq. (A-18a)-(A-18h). ni L3,2=
 
111 Γ=Δ           (A-19a) 
111 τδ −=           (A-19b) 
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where   in eq. (A-20a) and  ni L3,2= 13,2 −= ni L  in eq. (A-20b). 
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where   in eq. (A-21c) and  ni L3,2= 13,2 −= ni L  in eq. (A-21d), and arguments 21, ii δδ can be 
obtained analogously in determining , for example, to determine 11iβ 1iδ , replacing , in (A-
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